Abstract. We prove results towards classifying the possible torsion subgroups of elliptic curves over quadratic fields Q( √ d), where 0 < d < 100 is a squarefree integer, and obtain a complete classification for 49 out of 60 such fields. Over the remaining 11 quadratic fields, we cannot rule out the possibility of the group Z/16Z appearing as a torsion group of an elliptic curve.
Introduction
For an elliptic curve E defined over a number field K, let E(K) be the set of all K−rational points on E. By the Mordell-Weil theorem and the structure theorem for finitely generated abelian groups, we know that E(K) is isomorphic to E(K) tors ⊕ Z r , where r is a non-negative integer and E(K) tors is the torsion subgroup.
In the case of K = Q, Mazur's theorem [9] gives us all possible torsion subgroups of E(Q):
Z/nZ, n = 1, ..., 10, 12, Z/2Z ⊕ Z/2nZ, n = 1, 2, 3, 4. We also have a similar result by Kamienny, Kenku and Momose [5, 7] concerning possible torsion subgroups of elliptic curves defined over any quadratic field, which are the following 26 groups: Z/nZ, n = 1, ..., 16, 18, Z/2Z ⊕ Z/2nZ, n = 1, ..., 6, Z/3Z ⊕ Z/3nZ, n = 1, 2, Z/4Z ⊕ Z/4Z. While this theorem settles the question on what are the possibilities for the torsion subgroup over all quadratic fields, we are interested in what happens when we fix a quadratic field. In order to see what happens over a fixed field, one would have to go through each of the 26 groups mentioned above and check whether that is a possible torsion subgroup or not.
We are going to see why every group mentioned in Mazur's theorem has to appear as a possible torsion subgroup over all quadratic fields, and what happens with the groups Z/3Z ⊕ Z/3nZ, n = 1, 2, Z/4Z ⊕ Z/4Z. For the rest of the groups we will follow the methods described in [6] .
From now on, let K be a fixed quadratic field. Let Y 1 (m, n) be the affine modular curve whose every K−rational point corresponds to an isomorphism class of an elliptic curve together with an m−torsion point P m ∈ E(K) and an n− torsion point P n ∈ E(K) such that P m and P n generate a subgroup isomorphic to Z/mZ⊕ Z/nZ, and let X 1 (m, n) be its compactification (the same curve with adjoined cusps). We denote X 1 (1, n) by X 1 (n).
More precisely, what we need to do in order to determine whether an elliptic curve with torsion Z/nZ ⊕ Z/mZ over K exists, for the rest of the 26 groups, is to determine whether there are K−rational points on X 1 (m, n) that are not cusps. These modular curves are either elliptic or hyperelliptic.
If the modular curve X 1 (m, n) is elliptic, we compute its rank. If the rank is positive, there are infinitely many elliptic curves over K with the given torsion subgroup, as the number of cusps is finite. If the rank is 0, we have to compute the torsion subgroup and check whether any torsion point corresponds to a K−rational point on the modular curve that is not a cusp.
If the modular curve X 1 (m, n) is hyperelliptic, we compute the rank of the Jacobian of the curve. If the rank is 0, we also have to check whether any torsion point arises from a K−rational point on the modular curve that is not a cusp. If the rank is positive, the problem becomes more difficult. More about this can be found in [6] .
Groups from Mazur's theorem and
In this section, we are going to show that every group mentioned in Mazur's theorem has to appear as a possible torsion group over any quadratic field K.
Let E be an elliptic curve and denote by ρ E,n : Gal(K/Q) → GL 2 (Z/nZ) the mod n Galois representation attached to E.
If P, P ′ is a basis for E[n], the subgroup of E of points of order n, and if P is
every σ ∈ Gal(K/Q), with respect to the basis {P, P ′ }. We define a subgroup of GL 2 (Z/nZ),
which corresponds to X 1 (n), i.e. the modn representations of elliptic curves parameterized by the points on X 1 (n) are elements in G(n), with an appropriate choice of basis. Similarly, we define a subgroup
which corresponds to X 1 (2, 2n), in the sense described above. For any of the groups Z/nZ or Z/2Z ⊕ Z/2nZ appearing in Mazur's theorem, we have that the corresponding modular curve X 1 (n) or X 1 (2, 2n), respectively, is of genus 0. Now, with X G = X 1 (n) or X G = X 1 (2, 2n) in [13, Lemma 3.5] , using the same arguments as in the proof of the lemma, but taking the base field to be a quadratic field K instead of Q, we have that there are infinitely many elliptic curves E over K such that ρ E,n (Gal(K/Q)) is conjugate (not just contained) in GL 2 (Z/nZ) to Γ 1 (n) or Γ 1 (2, 2n), respectively, proving our claim. Now, we will focus on the groups
From the properties of the Weil pairing, we know that
Moreover, the mentioned groups are the only groups, except the ones from the Mazur's theorem, that appear over Q( √ −3) and Q(i), respectively [10, 11] .
Torsion over Q(
We will now demonstrate how to carry out the mentioned methods over the quadratic field Q( √ 17). We chose Q( √ 17) because 17 ≡ 1 (mod 8), and the significance of this relation will be clear later on.
As stated above, all groups from Mazur's theorem are possible torsion subgroups over Q( √ 17), and the groups Z/3Z ⊕ Z/3nZ, n = 1, 2, Z/4Z ⊕ Z/4Z are not. For the rest of the groups we will follow the methods from [6] described above. The equations for X 1 (m, n) can be found in [1, 12] . All computations in the following propositions will be done in Magma [2] . Computations for this paper can be found here. Proof. To show this, we have to prove that the modular curve X 1 (11) defined over Q( √ 17) has infinitely many points. It will suffice to see that the rank is positive, since the number of cusps on X 1 (11) is finite. For the modular curve
we compute rank(X 1 (11)(Q( √ 17))) = 1 in Magma. Now we can conclude that there are infinitely many elliptic curves with torsion Z/11Z over Q( √ 17). We can also compute a generator of the group X 1 (11)(Q( √ 17)) (modulo the torsion subgroup), which is
Proposition 3.2. There are infinitely many elliptic curves with torsion
Proof. For the modular curve
we compute rank(X 1 (14)(Q( √ 17))) = 1. Using similar reasoning to the one in Proposition 3.1 we conclude that there are infinitely many elliptic curves with torsion Z/14Z over Q( √ 17).
Also, one point of infinite order is given by
Proposition 3.3. Z/15Z cannot be a torsion group of an elliptic curve over Q( √ 17).
we compute
Hence, we only have to show that
i.e. that there are only cusps in X 1 (15)(Q( √ 17)). The x−coordinates of the cusps on X 1 (15) satisfy the equation
So, the set of all cusps is
We compute
so now it is obvious that all points on the modular curve X 1 (15) defined over Q( √ 17) are cusps. Therefore, Y 1 (15)(Q( √ 17)) = ∅, so there are no elliptic curves with torsion Z/15Z over Q( √ 17).
Proposition 3.4. There are infinitely many elliptic curves with torsion
we compute rank(X 1 (2, 10)(Q( √ 17))) = 1.
One point of infinite order is √ 17 + 4, 3 √ 17 + 12 .
Proposition 3.5. There are infinitely many elliptic curves with torsion Z/2Z ⊕ Z/12Z over Q( √ 17).
we compute rank(X 1 (2, 12)(Q( √ 17))) = 1.
TORSION GROUPS OF ELLIPTIC CURVES OVER QUADRATIC FIELDS
A point of infinite order is
Now we have determined whether Z/nZ⊕Z/nZ is a possible torsion of an elliptic curve over Q( √ 17), for all modular functions X 1 (m, n) that are elliptic curves. To determine if the Z/nZ, n = 13, 16, 18, are possible torsion groups is somewhat more difficult, since corresponding modular curves are hyperelliptic curves.
The groups Z/nZ, n = 13, 18, are generally easier to deal with over quadratic fields, since we have the two following results that can be found in [3, 8] .
Now it becomes clear why we chose the field Q( √ 17), as we did not want to rule out the existence of the groups Z/nZ, n = 13, 18, as possible torsion subgroups. Proof. Let J 1 (13) be the Jacobian of the hyperelliptic curve
and let J 17 1 (13) be its quadratic twist by 17, which becomes isomorphic to J 1 (13) over Q( √ 17). We compute rank(J 1 (13)(Q)) = 0, rank(J 17 1 (13)(Q)) = 2. Now, we have
By searching for points on X 1 (13)(Q( √ 17)) in Magma, we find a point
on the curve.
Since the x−coordinates of the cusps on the X 1 (13) are the solutions of the equation
the cusps are
We conclude that the point mentioned above is not a cusp and so the elliptic curve over Q( √ 17) with a torsion subgroup Z/13Z exists.
Unlike in previous propositions, we do not have infinitely many elliptic curves with torsion Z/13Z, since by Falting's theorem the modular curve X 1 (13) can only have finitely many points over a number field. Proof. Let J 1 (16) be the Jacobian of the hyperelliptic curve
and let J 17 1 (16) be its quadratic twist. We compute rank(J 1 (16)(Q( √ 17))) = rank(J 1 (16)(Q)) + rank(J 17 1 (16)(Q)) = 0. Since the rank is zero, we need to find the cusps in X 1 (16)(Q( √ 17)) and the torsion subgroup of J 1 (16)(Q( √ 17)) in order to determine if there exists a point on the Jacobian that arises from a point on the modular curve that is not a cusp.
As the x−coordinates of the cusps satisfy
the cusps on X 1 (16)(Q( √ 17)) are
We also compute
. The set of points of odd order on the Jacobian J 1 (16) defined over Q( √ 17) is
, and the 2−torsion subgroup is 
The first divisor class represents the point at infinity, and for the rest of the divisor classes in Mumford representation, we follow the methods described in [2] in order to retrieve the point on the Jacobian from its Mumford representation. 
TORSION GROUPS OF ELLIPTIC CURVES OVER QUADRATIC FIELDS Q(
if there is a single point ∞ at infinity, or
if there are two points ∞ + and ∞ − at infinity. For example, for the point (
B(x, z) = 2xz 2 ,
and P 1 = P 2 = (−1 : −2 : 1), so we conclude that the point (x 2 + 2x + 1, 2x, 2) represents the divisor class [(−1 : −2 : 1) + (−1 : −2 : 1) − 2∞] on the Jacobian J 1 (16)(Q( √ 17)). By doing so for every divisor class in Mumford representation, one can check that all divisor points correspond to the cusps in X 1 (16)(Q( √ 17)), so we conclude that Z/16Z cannot be a torsion group of an elliptic curve over Q( √ 17). Proof. Let J 1 (18) be the Jacobian of the hyperelliptic curve
and let J 17 1 (18) be its quadratic twist. We compute rank(J 1 (18)(Q( √ 17))) = rank(J 1 (18)(Q)) + rank(J 17 1 (18)(Q)) = 0. The x−coordinates of the cusps in X 1 (18) satisfy the equation
so the cusps are
On the other hand, we compute
The set of points of odd order is
has no zeros defined over Q( √ 17), we conclude that J 1 (18)(Q( √ 17)) has no points of order 2, and
and one can easily conclude that all of the points correspond to the cusps, so we obtain our result.
We proved the following theorem:
Theorem 3.11. The possible torsion subgroups of elliptic curves defined over Q( √ 17) are the following: Z/nZ, n = 1, ..., 14, Z/2Z ⊕ Z/2nZ, n = 1, ..., 6. In our case, for 0 < d < 100, there are only two such fields, Q( √ 17), over which Z/13Z appears, and Q( √ 33), over which Z/18Z appears. In this paper we were able to eliminate the rest of the fields for 0 < d < 100 using only conditions from 3.6 and 3.7 and methods described in 3.8 and 3.10.
Torsion over Q(
For every quadratic field Q( √ d), where d is a non-negative squarefree integer d = 1, 0 < d < 100, we found the torsion subgroups appearing by methods similar to the ones described in Theorem 3.11.
Since we know that the groups from the Mazur's theorem appear as torsion subgroups, and the groups Z/3Z ⊕ Z/3nZ, n = 1, 2, Z/4Z ⊕ Z/4Z do not appear as torsion subgroups of elliptic curves over mentioned fields, we give a list of possible torsion subgroups within the groups Z/nZ, n = 11, 13, 14, 15, 16, 18, Z/2Z ⊕ Z/2nZ, n = 5, 6, i.e. the rest of the possible 26 torsion subgroups over quadratic fields.
Note that the groups mentioned above appear as a torsion subgroup 37, 1, 38, 37, 6-17, 1, 35, 36 times, respectively, over all Q( √ d), where 0 < d < 100. We were unable to determine how many times exactly does the group Z/16Z appear as a torsion subgroup because of the following problem: computing (in Magma) the rank of the Jacobian of the modular curve X 1 (16) defined over the problematic quadratic fields listed in the table did not give a result, only the lower and the upper bound that were not the same. That was a problem since it is important to know the mentioned rank in order to know which method to use for determining whether that is a possible torsion subgroup or not.
Also, searching for the points on the modular curve X 1 (16) over the same fields did not yield a result. Table 1 . List of all possible torsion groups over quadratic fields Q( √ d), for 0 < d < 100, without the groups from the Mazur's theorem
Fields
Possible torsion subgroups over a given field Q( √ 2) Z/nZ, n = 11
Fields Possible torsion subgroups over a given field Q( √ 97) Z/nZ, n = 14, 15 Z/2Z ⊕ Z/2nZ, n = 5
